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Problem

Given an input 𝑥 ∈ 𝔽,  compute 𝑓 𝑥 ∈ ℝ  accurately and efficiently,

for 𝑓 ∈  {exp, ln, sin, asin, sinh, asinh, erf, gamma, …}.
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Problem

Given an input 𝑥 ∈ 𝔽,  compute 𝑓 𝑥 ∈ ℝ  accurately and efficiently,

for 𝑓 ∈  {exp, ln, sin, asin, sinh, asinh, erf, gamma, …}.

• Almost all values of 𝑓 𝑥  are not floats (and even not rationals).

•  exp 𝑥 ∉ ℚ   for all 𝑥 ≠ 0.
         ln 𝑥 ∉ ℚ   for all 𝑥 ≠ 1.
 sin 𝑥 ∉ ℚ   for all 𝑥 ≠ 0.
    asin 𝑥 ∉ ℚ   for all 𝑥 ≠ 0.
                               ⋯ 

• By Lindemann-Weierstrass Theorem (1885) and Siegel–Shidlovsky Theorem (1929).

27



Problem

Given an input 𝑥 ∈ 𝔽,  compute 𝑓 𝑥 ∈ ℝ  accurately and efficiently,

for 𝑓 ∈  {exp, ln, sin, asin, sinh, asinh, erf, gamma, …}.

• Compute 𝑦 ∈ 𝔽 such that 𝑦 ≈ 𝑓 𝑥 .

• Use floating-point arithmetic (i.e., +, −, ×, /, 0).
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Problem

Given an input 𝑥 ∈ 𝔽,  compute 𝑓 𝑥 ∈ ℝ  accurately and efficiently,

for 𝑓 ∈  {exp, ln, sin, asin, sinh, asinh, erf, gamma, …}.

• Well-studied for >70 years.

29
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Example

Input:       𝑥 ∈ 𝔽.  Then,  𝑥 ∈ −21024, 21024   in 64-bit double.

Output:   𝑦 ∈ 𝔽  such that 𝑦 ≈ sin 𝑥 .
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Example (1)

Input:       𝑥 ∈ 𝔽.  Then,  𝑥 ∈ −21024, 21024   in 64-bit double.

Output:   𝑦 ∈ 𝔽  such that 𝑦 ≈ sin 𝑥 .

• Idea 1:  Use symmetry.

• 𝑥 = 2𝜋𝑘 + 𝑟  for some  𝑘 ∈ ℕ  and  𝑟 ∈ 0, 2𝜋 .

• Then,  sin 𝑥 = sin 2𝜋𝑘 + 𝑟 = sin 𝑟 .
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Example (1)

Input:       𝑥 ∈ 𝔽.  Then,  𝑥 ∈ −21024, 21024   in 64-bit double.

Output:   𝑦 ∈ 𝔽  such that 𝑦 ≈ sin 𝑥 .

• Idea 1:  Use symmetry.

• 𝑥 = 2𝜋𝑘 + 𝑟  for some  𝑘 ∈ ℕ  and  𝑟 ∈ 0, 2𝜋 .

• Then,  sin 𝑥 = sin 2𝜋𝑘 + 𝑟 = sin 𝑟 .

• 𝑟′ ∈ 𝑟 , 𝜋 − 𝑟 , 2𝜋 − 𝑟   s.t.  𝑟′ ∈ 0,
𝜋

2
.

• sin 𝑟 = −1 𝑠 sin 𝑟′   for some  𝑠 ∈ 0,1 .
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Example (2)

Input:       𝑥 ∈ 𝔽.

Output:   𝑦 ∈ 𝔽  such that 𝑦 ≈ sin 𝑥 .

• Idea 2:  Use tables.

• 𝑟′ =
𝜋

2

𝑖

𝑁
+ 𝑟′′  for some  𝑖 ∈ ℕ  and  𝑟′′ ∈ 0,

𝜋

2𝑁
.
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Example (2)

Input:       𝑥 ∈ 𝔽. 

Output:   𝑦 ∈ 𝔽  such that 𝑦 ≈ sin 𝑥 .
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𝜋
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𝑖 + 𝑟′′

                                  = sin
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𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .
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Example (3)

Input:       𝑥 ∈ 𝔽.

Output:   𝑦 ∈ 𝔽  such that 𝑦 ≈ sin 𝑥 .

• Idea 3:  Use polynomial approximations.

• sin 𝑟′′ = 𝑟′′ −
𝑟′′ 3

3!
+

𝑟′′ 5

5!
− ⋯,,, a

    cos 𝑟′′ = 1 −
𝑟′′ 2

2!
+

𝑟′′ 4

4!
− ⋯,

    where  𝑟′′ ∈ 0,
𝜋

2𝑁
. 

38
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Example

• Step 1:  Argument Reduction.

• 𝑟 ≔ 𝑥 − 2𝜋𝑘, where 𝑘 ≔
𝑥

2𝜋
.

• 𝑟′ ∈ 𝑟 , 𝜋 − 𝑟 , 2𝜋 − 𝑟 .

• 𝑟′′ ≔ 𝑟′ −
𝜋

2𝑁
𝑖, where 𝑖 ≔

𝑟′

𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin 𝑟′′ = 𝑟′′ −
𝑟′′ 3

3!
+

𝑟′′ 5

5!
− ⋯.

• cos 𝑟′′ = 1 −
𝑟′′ 2

2!
+

𝑟′′ 4

4!
− ⋯.

• Step 3:  Table Lookup + Reconstruction.
• sin 𝑥 = −1 𝑠 sin

𝜋

2𝑁
𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .
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Actual Implementation

• Step 1:  Argument Reduction.
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Actual Implementation (1)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.
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𝑟 = 4.83 … ∉ 𝔽.

Ƹ𝑟 = 128 ∈ 𝔽.



• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
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• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin 𝑟′′ = 𝑟′′ −
𝑟′′ 3

3!
+

𝑟′′ 5

5!
− ⋯.

• cos 𝑟′′ = 1 −
𝑟′′ 2

2!
+

𝑟′′ 4

4!
− ⋯.

• Step 3:  Table Lookup + Reconstruction.
• sin 𝑥 = −1 𝑠 sin

𝑖𝜋

2𝑁
cos 𝑟′′ + cos

𝑖𝜋

2𝑁
sin 𝑟′′ .

Actual Implementation (1)
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• 𝜋 = 3.141592653589793 …

     ො𝜋 = 3.141592653589731 … 

• 𝑥 = 1018:  𝑟 = 4.83 …, Ƹ𝑟 = 128.



• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin 𝑟′′ = 𝑟′′ −
𝑟′′ 3

3!
+

𝑟′′ 5

5!
− ⋯.

• cos 𝑟′′ = 1 −
𝑟′′ 2

2!
+

𝑟′′ 4

4!
− ⋯.

• Step 3:  Table Lookup + Reconstruction.
• sin 𝑥 = −1 𝑠 sin

𝑖𝜋

2𝑁
cos 𝑟′′ + cos

𝑖𝜋

2𝑁
sin 𝑟′′ .

Actual Implementation (1)
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• 𝜋 = 3.141592653589793 …

     ො𝜋 = 3.141592653589731 … 

• 𝑥 = 1018:  𝑟 = 4.83 …, Ƹ𝑟 = 128.

Payne-Hanek algorithm



• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin 𝑟′′ = 𝑟′′ −
𝑟′′ 3

3!
+

𝑟′′ 5

5!
− ⋯.

• cos 𝑟′′ = 1 −
𝑟′′ 2

2!
+

𝑟′′ 4

4!
− ⋯.

• Step 3:  Table Lookup + Reconstruction.
• sin 𝑥 = −1 𝑠 sin

𝑖𝜋

2𝑁
cos 𝑟′′ + cos

𝑖𝜋

2𝑁
sin 𝑟′′ .

Actual Implementation (1)
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• 𝜋 = 3.141592653589793 …

     ො𝜋 = 3.141592653589731 … 

• 𝑥 = 1018:  𝑟 = 4.83 …, Ƹ𝑟 = 128.

𝑟 𝑥 − Ƹ𝑟 𝑥



Actual Implementation (2)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.
• sin 𝑥 = −1 𝑠 sin

𝑖𝜋

2𝑁
cos 𝑟′′ + cos

𝑖𝜋

2𝑁
sin 𝑟′′ .
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Actual Implementation (2)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.
• sin 𝑥 = −1 𝑠 sin

𝑖𝜋

2𝑁
cos 𝑟′′ + cos

𝑖𝜋

2𝑁
sin 𝑟′′ .
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Actual Implementation (2)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.
• sin 𝑥 = −1 𝑠 sin

𝑖𝜋

2𝑁
cos 𝑟′′ + cos

𝑖𝜋

2𝑁
sin 𝑟′′ .
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sin 𝑥 − 𝑝 𝑥

𝑝 𝑥 − Ƹ𝑝 𝑥



Actual Implementation (3)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.

• sin 𝑥 = −1 𝑠 sin
𝜋

2𝑁
𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .
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Actual Implementation (3)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.

• sin 𝑥 = −1 𝑠 sin
𝜋

2𝑁
𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .
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Actual Implementation (3)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.

• sin 𝑥 = −1 𝑠 sin
𝜋

2𝑁
𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .
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Actual Implementation (3)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.

• sin 𝑥 = −1 𝑠 sin
𝜋

2𝑁
𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .
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𝑎 + 𝑏 − 𝑎 ⊕ 𝑏  

= 𝑏 ⊖ 𝑎 ⊕ 𝑏 ⊖ 𝑎  



Actual Implementation (3)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.

• sin 𝑥 = −1 𝑠 sin
𝜋

2𝑁
𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .

54

Represent  𝑣 ∉ 𝔽  by  𝑣 ≔ 𝑣ℎ + 𝑣𝑙,

where  𝑣ℎ , 𝑣𝑙 ∈ 𝔽  and  𝑣ℎ ≫ 𝑣𝑙 .



Actual Implementation (4)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.

• sin 𝑥 = −1 𝑠 sin
𝜋

2𝑁
𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .
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Actual Implementation (4)

• Step 1:  Argument Reduction.

• Ƹ𝑟 ≔ 𝑥 − 2 ො𝜋𝑘, where 𝑘 ≔
𝑥

2ෝ𝜋
.

• ෡𝑟′ ∈ Ƹ𝑟 , ො𝜋 − Ƹ𝑟 , 2 ො𝜋 − Ƹ𝑟 .

• ෢𝑟′′ ≔ ෡𝑟′ −
ෝ𝜋

2𝑁
𝑖, where 𝑖 ≔

ෝ𝑟′

ෝ𝜋/2𝑁
.

• Step 2:  Polynomial Approximation.

• sin ෢𝑟′′ = ෢𝑟′′ −
෢1
3!

෢𝑟′′
3

+ ⋯ +
෣−1 2𝐷+1

2𝐷+1 !
෢𝑟′′

2𝐷+1
.

• cos ෢𝑟′′ = 1 −
෢1
2!

෢𝑟′′
2

+ ⋯ +
෣−1 2𝐷

2𝐷 !
෢𝑟′′

2𝐷
.

• Step 3:  Table Lookup + Reconstruction.

• sin 𝑥 = −1 𝑠 sin
𝜋

2𝑁
𝑖 cos 𝑟′′ + cos

𝜋

2𝑁
𝑖 sin 𝑟′′ .
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Is this implementation correct?



Correctness

Are existing implementations of sin correct in any formal sense?

• Different libraries (and even different versions of them) have distinct implementations.

• GNU libc
• LLVM libc
• Intel Math Library
• AMD Math Library
• Apple Math Library
• Microsoft Math Library
• CUDA Math Library 
• …
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Correctness

Are existing implementations of sin correct in any formal sense?
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…0 1…
sin 𝑥

෢sin(𝑥)?



Correctness

Are existing implementations of sin correct in any formal sense?

• ULP error:  standard metric for numerical libraries.

• Worst-case error: max
𝑥∈𝔽

 𝑒𝑟𝑟𝑢𝑙𝑝 sin 𝑥 , ෢sin 𝑥 .
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…0 1…
sin 𝑥

෢sin(𝑥) ⟺     It has an error of < 2 ulp.



Correctness Issues

• Intel Processors:  fsin, fcos, … were claimed to have < 1 ulp error.
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...

Pentium Processor User’s Manual (1993)



Correctness Issues

• Intel Processors:  fsin, fcos, … were claimed to have < 1 ulp error.
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These errors still persist to support backward compatibility…



Correctness Issues

• GNU libc:  sin, cos, … are aimed to have < 10 ulp error.

• glibc 2.18:     sin(4831921577.4601803) = -0.918193578775631
     cos(4831921577.4601803) = -0.396131987972694

• glibc 2.19:     sin(4831921577.4601803) = -0.918193578775631
      cos(4831921577.4601803) = +0.396131987972694
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Correctness Issues

• GNU libc:  sin, cos, … are aimed to have < 10 ulp error.

• glibc 2.18:     sin(4831921577.4601803) = -0.918193578775631
     cos(4831921577.4601803) = -0.396131987972694

• glibc 2.19:     sin(4831921577.4601803) = -0.918193578775631
      cos(4831921577.4601803) = +0.396131987972694
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This is correct!

Math libraries keep evolving, and can have huge errors…



Correctness Issues

• CORE-MATH (since 2022):  sin, cos, … are claimed to have ≤ 0.5 ulp error.

• acos(+7.49999999999999889e-01) = +1.49460913092853764e+00

acos(+7.49999999999999889e-01) = +7.22734247813415775e-01 (correct)

• erf(+1.48125349857429594e+306) = +1.48125349857429594e+306

erf(+1.48125349857429594e+306) = +1.00000000000000000e+00 (correct)
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Correctness Issues

• CORE-MATH (since 2022):  sin, cos, … are claimed to have ≤ 0.5 ulp error.

• acos(+7.49999999999999889e-01) = +1.49460913092853764e+00

acos(+7.49999999999999889e-01) = +7.22734247813415775e-01 (correct)

• erf(+1.48125349857429594e+306) = +1.48125349857429594e+306

erf(+1.48125349857429594e+306) = +1.00000000000000000e+00 (correct)
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Even extremely carefully developed libraries can have huge errors…



Correctness Issues

• CORE-MATH (since 2022):  sin, cos, … are claimed to have ≤ 0.5 ulp error.

• acos(+7.49999999999999889e-01) = +1.49460913092853764e+00

acos(+7.49999999999999889e-01) = +7.22734247813415775e-01 (correct)

• erf(+1.48125349857429594e+306) = +1.48125349857429594e+306

erf(+1.48125349857429594e+306) = +1.00000000000000000e+00 (correct)
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Even extremely carefully developed libraries can have huge errors…

Can we develop correct and efficient libraries?



Research Directions

“How to develop correct and efficient math libraries?”

Approach 1.  Establish the correctness of existing libraries.

Approach 2.  Develop new libraries with correctness in mind.

67



Research Directions

“How to develop correct and efficient math libraries?”

Approach 1.  Establish the correctness of existing libraries.

• Testing.  Exhaustive testing is infeasible. Random testing is commonly used.

68
Largest known ulp errors (2024)



Research Directions

“How to develop correct and efficient math libraries?”

Approach 1.  Establish the correctness of existing libraries.

• Verification.  Some program analyses were developed (e.g., [POPL’18], [PLDI’16]).
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Intel’s log

0.583 ulps
ulp error

(log scale)

input

Intel’s sin

0.530 ulps
error bounds [PLDI’16]

error bounds [POPL’18]

1 ulp

actual ulp errors



Wrap-Up
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Research Questions
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Function Evaluation Compute sin 𝑥 . [Ongoing], [POPL’18], [PLDI’16].

Sample Generation Sample from 𝒩 𝜇, 𝜎2 . [Ongoing], [Submitted].

Differentiation Compute ∇𝑓 𝑥 .
[ICLR’24] (Spotlight),

[ICML’23], [NeurIPS’20] (Spotlight).

Integration
(≈ Probabilistic Inference)

Compute ∫ 𝑓 𝑥  𝑑𝑥.
[Submitted], [POPL’23], [POPL’20],

[AAAI’20], [NeurIPS’18].

Function Approximation
[Submitted], [Submitted],

[Neural Networks’24], [TMLR’23].

Use floats intricately.

Assume reals.

Assume differentiability.

Assume integrability.

Correctness / Fundamental Limits / Efficiency



Research Questions
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High-Level Messages

• Numerical libraries have been studied and developed for nearly a century.

• Despite such efforts, these libraries often still lack rigorous correctness guarantees.

• PL techniques would be helpful in ensuring the correctness of practical libraries.
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